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Biological populations fluctuate in abundance over time. These fluctuations are affected both by
external environmental factors independent of population density, and by density-dependent factors.
The long-term average about which a population fluctuates will ultimately be set by the density-
dependent factors. The nature of the negative feedback relationship between population growth rate
and density is at the heart of population ecology. The existence and detection of density dependence in
real data sets has been, however, the subject of much controversy for several decades. The consensus
emerging froAl this prolonged debate is now that, when sufficiently long runs of data are available,
ecologists should be able to detect density dependence from population timeseries. The duration
of observation appropriate for assessing the effect of negative feedback on population fluctuations
remains poorly understood: how long is long enough? A relevant serious concern is the issue of
density vagueness, that is, the exact location of the population equilibrium point is vague, which
obscures density effects on population growth rate. When plotting data on the form of the density-
dependent relationship (i.e. population growth rate against population density), ecologists have been
confounded by considerable noise around each relationship; this bivariate scatter makes it difficult
to locate the position of equllibrium density. The aim of this session is to describe the time scale of
population dynamics and to explain the uncertainty in measuring density dependence. The analysis of
the relationship connecting the elasticity to the variance of the population, starting with a discrete-
time linear model of population dynamics, explains the duration (complementary time) of a time
series necessary to detect density dependence in a noisy system. Applying a proper coarse-graining
procedure for time series analysis (i.e. looking at a long time-scale) makes the negative relationship
between population growth and abundance visible. It is difficult to know whether the system is
heading toward the equilibrium point in the time series of length laes than the complementary time.
Besides the length of monitoring, the presence of serial correlation in the environmental stochastic
forcing has a substantial effect on the total density dependence in a population. The uncertainty
in measuring density dependence depends not only on the amplitude of population fluctuations, but
also via the environmental autocorrelation. The results are supported by the analysis of time-series
data from major fish populations in the North Atlantic.
Most fish biologists believe in regulation even though they have been able to find remarkably little
direct evidence for it.
–Shepherd and Cushing (1990)
Given its fundamental importance in population ecology, it is surprising that data on the form of
the dependence of population growth rate on density have only rarely been plotted ou $t$.
–Sibly and Hone (2002)
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$S(t+1)=\Lambda(S(t))S(t)+w_{0}\Xi(t+1)-Y(t+1)$ (1)
$(t+1)$ $S(t)$ ( ) A $(S(t))S(t)$
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$S$ ( ) $w_{0}$ $(\Xi$






$\ln[1-\frac{w_{0-}^{-}-(t+1)}{S(t+1)e^{F(t+1)}}]$ $=$ $\ln(1-w)+\frac{w_{0^{-}}^{-}-\star e^{-F_{\star}}/S_{\star}^{2}}{(1-w)}[\frac{dS}{d\ln S}]_{\star}(\ln S(t+1)-\ln S_{\star})$
$- \frac{w_{0}e^{-F}\cdot/S_{\star}}{(1-w)}[\frac{d_{-}^{-}-}{d\ln\overline{=}}]_{\star}(\ln\Xi(t+1)-\ln\Xi_{\star})$
$+ \frac{w_{0^{-e^{-F_{\star}}/S_{\star}}}^{-}-\star}{(1-w)}(F(t+1)-F_{\star})$ (3)
1., $\Lambda(S(t))=\ln\Lambda_{\star}+[\frac{d\ln\Lambda}{d\ln S}]_{\star}(\ln S(t)-\ln S_{\star})$ (4)
$F_{\star}=\ln(1+Y/S_{\star})$ $w=w_{0-*}^{-}/(S_{\star}+Y_{\star})$ $\partial F/\partial S=0$




1990; Myers and Cadigan, 1993; Walters and Parma, 1996; Dixon et al., 1999) (1)
$n(t)=\ln(S(t)/S_{\star})’$ $\xi(t)=\ln(\Xi(t)/--\star$ $f(t)=F(t)/F_{\star}-1$ 1
$n(t+1)-n(t)=-\gamma n(t)+w\xi(t+1)-F_{*}f(t+1)$ (5)
$\gamma=1-(1-w)(1+$ dln $\Lambda/d\ln S)_{*}$ $n$ 1 $r(t)=$
$n(t+1)-n(t)$ ( )
$\xi$ $f$ $n$ ( ) $\xi$ $f$
$L$ $\tau$ $\xi(t)$ $\Delta f(t)[=f(t+1)-f(t)]$
$\sigma_{w[\xi]}^{2}(\tau)=$ Var $[\{Vax[\{\xi(j)|j=t, \ldots, t+\tau-1\}]|t=1,$ $\ldots,$ $L-\tau+1\}]$ (6)
$\sigma_{w.\Delta f]}^{2}(\tau)$ $\tau$ 1 $\sigma_{w[\xi|}^{2}(\tau)$ $\sigma_{w[\Delta f]}^{2}(\tau)$
$\tau$ $\xi$ (iid) $flf1$




$\beta_{\xi}$ $\beta_{f}$ $(-1<\beta_{\xi},$ $\beta_{f}<1$ $)$ $\epsilon_{\xi}$ $\epsilon_{f}$ $0$
$\sigma_{\epsilon_{\xi}}^{2}$ $\sigma_{\epsilon}^{2_{f}}$ iid AR $\beta_{\xi}$ $\beta_{f}$ 1 2
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$E[\eta_{k}(t)\epsilon_{k}(t+\tau)]=0$ ( $\tau\geq 1$ ) (12)
$\sigma_{\eta_{k}}^{2}$ $w^{2}\sigma_{\zeta}^{2}$ $F_{\star}^{2}\sigma_{f}^{2}$ (10)
$\rho(\tau)=\lambda^{\tau}+$ $\sum$ $\frac{\sigma_{\eta}^{2_{k}}}{\sigma_{n}^{2}}\frac{\beta_{k}\lambda^{\tau}-\beta_{k}^{\tau}}{1-\lambda\beta_{k}\lambda-\beta_{k}}$ (13)
$k\in\{\xi,f\}$







$=$ $\sum$ $\frac{\sigma_{\eta}^{2_{k}}}{1-\lambda^{2}}\frac{1+\lambda\beta_{k}}{1-\lambda\beta_{k}}$ (16)
$k\in\{\xi,f\}$
(14) (16) $\gamma$ 2
$\gamma^{2}\sigma_{n}^{2}+(1-\gamma)\sigma_{r}^{2}=\sigma_{\eta}^{2}$ (17)
$\sigma_{\eta}^{2}=w^{2}\sigma_{\xi}^{2}+F_{\star}^{2}\sigma_{f}^{2}$ $\gamma$ 2
(5) ( $\lambda$ $\beta_{k}$ )
(14) (15)












( ) Teq (Kubo \’et al., 1995)
$\sum_{\Delta t=0}^{\infty}\rho(\Delta t)=\sum_{\Delta t=0}^{\infty}\exp(-\Delta t/T_{eq})$ . (20)
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$\overline{n}=L^{-1}\sum_{t=1}^{L}$ n( $\Delta\overline{n}=$ SD $[\overline{n}]$
Var[it] $=$ $L^{-2} \sum_{i,j=1}^{L}E[n(i)n(j)]=\frac{\sigma_{n}^{2}}{L}[1+2\sum_{\tau=1}^{L}(1-\frac{\tau}{L})\rho(\tau)]$
$=$ $\frac{\sigma_{n}^{2}}{L}[\frac{2}{1-\lambda}(1+\sum_{k}\frac{\sigma_{\eta}^{2_{h}}}{\sigma_{n}^{2}}\frac{\beta_{k}/(1-\beta_{k})}{1-\lambda\beta_{k}})-1+\frac{\zeta}{L}]$
$=$ $\frac{\sigma_{n}^{2}}{L}[2\sum_{\tau=0}^{\infty}\rho(\tau)-1+\frac{\zeta}{L}]$ (23)












$\pm\gamma E[\sum_{n(t)\gtrless 0}n(t)/\#_{n(t)\gtrless 0}]>$ SD $[ \sum_{n(t)\gtrless 0}\eta(t+1)/\#_{n(t)\gtrless 0}]$ (28)
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$\#_{n(t)\gtrless 0}$ ( )
$E[n(t)|n(t)\gtrless 0]=\pm\sigma_{n}\sqrt{2}/\pi$ $L$ (28) $\beta_{k}arrow 0$ $(\eta_{k}$
iid ) $\sigma_{\eta}/\sqrt{L/2}$ (17) (28) $L>[1+(1-\gamma)/(\gamma^{2}\sigma_{n}^{2}/\sigma_{f}^{2})]\pi$
$\beta_{k}arrow 0$ $Darrow\gamma$ (22) (28) $L_{c}<L$
$-1<\beta_{k}<1$ ( $\eta_{k}$ AR(1) ) $\sum_{n(t)\gtrless 0}n(t)/\#_{n(t)\gtrless 0}$
$\sum_{n(t)\gtrless 0}r(t)/\#_{n(t)\gtrless 0}$ L $>$ L
$n(t)\gtrless O$ $E[n(t+1)-n(t)|n(t)\gtrless 0]\lessgtr 0$
$L_{c}<L$
$\Delta\overline{n}<\sigma_{n}/\sqrt{\pi}$ (29)
L $<$ L 427











$\eta_{k}$ AR(1) (7) $\epsilon_{k}$ ( $\sigma_{\epsilon_{k}}^{2}=$ ),
AR(1) $\beta_{k}$
$\xi$ $(\sigma_{e\epsilon}^{2}$ $\sigma_{\zeta}^{2}$ } $\ovalbox{\tt\small REJECT} 1-\beta_{\xi}^{2}$
) (15) $\beta_{\zeta}$ $D$ $5a$ $0<\gamma<2$
$(-1<\lambda<1)$
$\gamma$ $\beta_{\xi}arrow 1$ $Darrow 0$
( slowing down ) $Darrow 0$
$\gamma$
$\xi$




$\lambda(=1-\gamma)\gtrless 0$ $\beta_{\zeta}arrow\pm 1$
$\sigma_{n}$
$($ $5b)$
$\partial\sigma_{n}^{2}/\partial\beta_{\zeta}=0$ at $\beta_{\xi}^{*}=-\lambda+O(\lambda^{3})$ (31)
$\beta_{\xi}^{*}$
$\sigma_{n}^{2}$
$L_{c}$ $($ $5c$ $d)$
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Teq ( ) $D>1$ Teq $=-1/\ln|1-D|$ ( )
$L=30$ $\lambda=0.5$ ( ) $\lambda=-0.5$ ( )
$\beta_{\xi}arrow 1$ ( $L$ ) $\gamma$
$\Delta\overline{n}/\sigma_{n}arrow 1$ $\beta_{\xi}arrow\pm 1$
$\Delta\overline{n}arrow\infty$
(Solow, 1990; Reddingius, 1990)
$(0<D<2)$ $L_{c}=(2D^{-1}-1)\pi>0$
T $D>1$ $($ $\sum_{\Delta t=0}^{\infty}\rho(\Delta t)<1)$
$(T_{eq}^{-1}=-\ln|1-D|+\pi i)$ 2
1 $100\cross|1-D|^{2}$ $D=1$ $T$ $=0$
5 ARMA
Ives et al. (2010) (ARMA)
ARMA
(5) (5) $F_{\star}f(t+1)=-n(t+1)+\lambda n(t)+w\xi(t+1)$
(7 ) $f$
$-n(t+1)+\lambda n(t)+w\xi(t+1)=\beta_{f}(-n(t)+\lambda n(t-1)+w\xi(t))+\epsilon_{f}(t+1)$ (32)
14
$(\beta_{\xi}-\beta_{f})w\xi(t)=n(t+1)-(\lambda+\beta_{f})n(t)+\lambda\beta_{f}n(t)-\epsilon_{\xi}(t+1)+\epsilon_{f}(t+1)$ (33)
(7 ) $\xi$ 3 AR 1 2 MA
3 ARMA(1,1)
$n(t)=Bn(t-1)+ \sum_{=J0}^{1}\alpha_{j}\epsilon(t-j)$ (34)
$n(t)=(n(t),$ $n(t-1),$ $n(t-2))’$ $\epsilon(t)=(\epsilon_{\xi}(t), \epsilon_{f}(t))’$ ARMA






$(1,$ $\lambda^{-1},$ $\lambda^{-2})’$ MA $\theta^{f}$









$n(t+1)= \lambda n(t)+\sum_{j=1}^{p-1}\eta_{J}(t+1)$ (36)
$\eta_{J}$ $n$ AR(1) $\eta_{J}(t+1)=\beta_{j\eta}j(t)+\epsilon_{f}(t+1)$
(
$\epsilon_{j}$ iid ) ARMA$(p,p-2)$
$n(t)= \sum_{\iota=1}^{p}b_{t}n(t-i)+\sum_{\iota=0}^{p-2p}\sum_{j=1}^{-1}\alpha_{\iota j}\epsilon_{j}(t-i)$ (37)
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